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Two-parameter quantum vertex representations via finite
groups and the McKay correspondence
Naihuan Jing and Honglian Zhang⋆
Abstract. We introduce two-parameter quantum toroidal algebras of simply
laced types and provide their group theoretic realization using finite subgroups
of SL2(C) via McKay correspondence. In particular our construction contains
a realization of the vertex representation of the two-parameter quantum affine
algebras of ADE types.
1. Introduction
In a series papers [FJW1, FJW2] the basic representations of two-toroidal
Lie algebras and their quantum analogs, including affine Lie algebras and quan-
tum affine algebras of simply laced types as subaglebras, were constructed from
representation theory of finite groups of SL2(C) via the celebrated McKay corre-
spondence. Using purely representation theoretic data the Frenkel-Kac [FK] and
Frenkel-Jing [FJ] vertex representations are constructed as a by-product of the uni-
fied group theoretic constructions from the root lattice of the corresponding finite
dimensional Lie algebra g. In [J4] we have pointed out that such a uniformed con-
struction incorporate not only the toroidal Lie algebras, quantum toroidal algebras
[VV] (see also [J3]) but also give a general algebraic machinery to realize other
related algebraic structures.
In the current paper we provide a two-parameter quantum analog of the toroidal
Lie algebras of simply laced types using the new form of McKay correspondence.
In particular this gives a group theoretic realization of the newly revitalized two-
parameter quantum affine algebras [HRZ, Z] as distinguished subalgebras of our
new quantum toroidal algebras. As expected, our construction degenerates to the
quantum affine case by specializing r = s−1. Through this new construction we
have also shown that the vertex representation constructed in [HZ, Z] is a natural
generalization of Frenkel-Jing construction and also reconfirm the two-parameter
generalization of the usual quantum affine algebras and their Drinfeld realization.
Our construction further shows that the toroidal version is more suitable and natu-
ral in this picture and reveal more symmetry in the structure of the two parameter
quantum toroidal algebras.
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The new two-parameter quantum toroidal Lie algebras or double affine algebras
provide a new layer of generalization or quantization. To show the relationships we
can depict them in the following diagram similar to that given by I. Frenkel earlier.
Our new algebra adds a new direction of generalization.
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It is amazing that each vertex in the diagram admits a realization through
McKay correspondence, and each level of complexity is achieved by replacing the
finite group Γ by Γ×C× and by Γ×C××C×. The quantum parameter q and (r, s)
are respectively represented by special characters on the group C× and C× × C×.
At the early stage of the development of quantum groups it was already real-
ized there exist multi-parameter quantum groups [R, T]. Though two-parameter
cases play an important role in the dual quantum picture, the development of two-
parameter quantum groups only took a turn after more structures are revealed in
series of papers of Benkart and Witherspoon [BW1, BW2, BW3] for type A.
Shortly after these generalizations to other types are given by Bergeron, Gao and
Hu [BGH1, BGH2, BH, HS]. Recently Hu, Rosso and one of us found the two
parameter quantum affine algebras of ADE types [HRZ, Z] via their vertex rep-
resentations [HZ] based on generalized Drinfeld realizations (cf. [J2]), which are
two-parameter analog of the Frenkel-Jing representations [FJ]. In all these work
one realizes that the two-parameter analog, like its one-parameter case, amounts
to a clever deformation of the natural number n to the two-parameter quantum
number:
(1.1) [n] =
rn − sn
r − s
= rn−1 + rn−2s+ · · ·+ rsn−2 + sn−1.
Clearly when rs = 1, the two-parameter quantum number degenerates to the one-
parameter quantum number.
As in the previous construction of McKay correspondence and quantum toroidal
algebras we recover the basic representation of Ur,s(ĝ) by choosing
ξ = γ0 ⊗ ((rs
−1)
1
2 + (r−1s)
1
2 )− π ⊗ 1C××C× ,
where γ0, 1C××C× are the trivial characters of Γ and C
××C× respectively, r and s
are two independent natural characters of C×, and π is the natural character of the
imbedding of Γ in SL2(C). The natural appearance of the two parameter quantum
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toroidal algebra in this picture intrinsically shows its importance in representation
theory of two parameter quantum affine algebras.
The paper is organized as follows. Section 2 recalls the basic material of wreath
products Γn of symmetric groups associated with any finite group and the Hopf
algebra structures in the representation ring. Section 3 studies the representation
ring R(Γn × C
× × C×) and weighted bilinear forms. Section 4 gives the two-
parameter McKay weights for each finite subgroup of SL2(C). Section 5 defines the
two-parameter Heisenberg algebra and realizes its canonical representation using
group theoretic data out of Γ. Section 6 gives the Frobenius-type characteristic
map between RΓ×C××C× and SΓ×C××C× . Section 7 realizes the two-parameter
quantum vertex operators using irreducible characters of Γn×C
××C×, and finally in
Section 8 we introduce two-parameter quantum toroidal algebras and provide their
realization via McKay correspondence, and in particular this also provides a group
theoretic realization of the basic representation of the two-parameter quantum affine
algebras.
2. Wreath products and vertex representations
2.1. The wreath product Γn. Let Γ be a finite group and n a non-negative
integer. The wreath product Γn is the semidirect product of the n-th direct product
Γn = Γ× · · · × Γ and the symmetric group Sn:
Γn = {(g, σ)|g = (g1, . . . , gn) ∈ Γ
n, σ ∈ Sn}
with the group multiplication
(g, σ) · (h, τ) = (g σ(h), στ),
where Sn acts on Γ
n by permuting the factors.
Let Γ∗ be the set of conjugacy classes of Γ consisting of c
0 = {1}, c1, . . . , cℓ and
Γ∗ be the set of ℓ + 1 irreducible characters: γ0, γ1, . . . , γℓ, where γ0 is the trivial
character of Γ. The order of the centralizer of an element in the conjugacy class c
is denoted by ζc, so the order of the conjugacy class c is |c| = |Γ|/ζc, where |Γ| is
the order of Γ.
A partition λ = (λ1, λ2, . . . , λℓ) is a decomposition of n = |λ| = λ1 + · · · + λl
with nonnegative integers: λ1 ≥ · · · ≥ λℓ ≥ 1, where ℓ = ℓ(λ) is called the length of
the partition λ and λi are called the parts of λ. Another notation for λ is
λ = (1m12m2 · · · )
with mi being the multiplicity of parts equal to i in λ. Denote by P the set of
all partitions of integers and by P(S) the set of all partition-valued functions on
a set S. The weight of a partition-valued function ρ = (ρ(s))s∈S is defined to be
‖ρ‖ =
∑
s∈S |ρ(s)|. We also denote by Pn (resp. Pn(S)) the subset of P (resp.
P(S)) of partitions with weight n.
It is well-known that the conjugacy classes of Γn are parameterized by partition-
valued functions on Γ∗. Let x = (g, σ) ∈ Γn, where g = (g1, . . . , gn) ∈ Γ
n and
σ ∈ Sn is presented as a product of disjoint cycles. For each cycle (i1i2 · · · ik)
of σ, we define the cycle-product element gikgik−1 · · · gi1 ∈ Γ, which is determined
up to conjugacy in Γ by g and the cycle. For any conjugacy class c ∈ Γ and
each integer i ≥ 1, the number of i-cycles in σ whose cycle-product lies in c will
be denoted by mi(c). This gives rise to a partition ρ(c) = (1
m1(c)2m2(c) . . .) for
c ∈ Γ∗. Thus we obtain a partition-valued function ρ = (ρ(c))c∈Γ∗ ∈ P(Γ∗) such
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that ‖ρ‖ =
∑
i,c imi(ρ(c)) = n. This is called the type of the element (g, σ). It is
known [M] that two elements in the same conjugacy class have the same type and
there exists a one-to-one correspondence between the sets (Γn)∗ and Pn(Γ∗). We
will say that ρ is the type of the conjugacy class of Γn.
Given a class c we denote by c−1 the class {x−1|x ∈ c}. For each ρ ∈ P(Γ∗) we
also associate the partition-valued function
ρ = (ρ(c−1))c∈Γ∗ .
Given a partition λ = (1m12m2 . . .), we denote by zλ =
∏
i≥1 i
mimi! the order
of the centralizer of an element of cycle type λ in S|λ|. The order of the centralizer
of an element x = (g, σ) ∈ Γn of type ρ = (ρ(c))c∈Γ∗ is given by
Zρ =
∏
c∈Γ∗
zρ(c)ζ
l(ρ(c))
c .
2.2. Grothendieck ring RΓ×C××C× . Let RZ(Γ) be the Z-lattice generated
by γi, i = 0, . . . , r, and R(Γ) = C⊗RZ(Γ) be the space of complex class functions
on the group Γ. In the previous work on the McKay correspondence and vertex rep-
resentations [W, FJW1], the Grothendieck ring RΓ =
⊕
n≥0R(Γn) was studied.
In quantum case, the Grothendieck ring was RΓ×C× =
⊕
n≥0R(Γn×C
×) [FJW2].
In our two-parameter quantum case we need to add the another ring R(C×), the
space of characters of C× × C× = {(t1, t2) ∈ C× C|t1, t2 6= 0}.
Let r, s be the irreducible character of C× that sends t to itself. Then R(C××
C×) is spanned by irreducible multiplicative characters rmsn, m, n ∈ Z, where
rm(t1) = t
m
1 , s
n(t2) = t
n
2 t1, t2 ∈ C
×.
Thus R(C× × C×) is identified with the ring C[r±1, s±1], and we have
R(Γ× C× × C×) = R(Γ)⊗R(C× × C×).
An elements of R(Γ× C× × C×) can be written as a finite sum:
f =
∑
i
fi ⊗ r
misni , fi ∈ R(Γ),mi, ni ∈ Z.
We can also view f as a function on Γ with values in the ring of Laurent
polynomials C[r±1, s±1]. In this case we will write f r, s to indicate the formal
variables r, s, then f r, s(c) =
∑
i fi(c)r
misni ∈ C[r±1, s±1]. As a function on
Γ× C× × C×, we have f(c, t1, t2) =
∑
i fi(c)t
mi
1 t
ni
2 .
Denote by RΓ×C××C× the following direct sum:
RΓ×C××C× =
⊕
n≥0
R(Γn × C
× × C×) ≃ RΓ ⊗ C[r
±1, s±1].
2.3. Hopf algebra structure on RΓ×C××C× . The multiplication m in C
××
C× and the diagonal map C××C×
d
−→ C××C××C××C× induce the Hopf algebra
structure on R(C× × C×).
mC××C× : R(C
××C×)⊗R(C××C×)
∼=
−→ R(C××C××C××C×)
d∗
−→ R(C××C×),
(2.1)
∆C××C× : R(C
×)
m∗
−→ R(C××C×)
∼=
−→ R(C×)⊗R(C×).
(2.2)
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In terms of the basis {rmsn} we have
rm1sn1 · rm2sn2 = rm1+m2sn1+n2 ,
∆(rmsn) = rmsn ⊗ rmsn,
where we abbreviate ∆C××C× by ∆ and follow the convention of writing a · b =
mC××C×(a⊗ b).
The antipode SC××C× and the counit ǫC××C× are given by
SC××C×(r
msn) = r−ms−n, ǫC××C×(r
msn) = δm−n,0.
We extend the Hopf algebra structures on R(C××C×) and RΓ into a Hopf
algebra structure on RΓ×C××C× using a standard procedure in Hopf algebra [A].
The multiplication and comultiplication are given by the respective composition of
the following maps:
m : R(Γn×C
××C×)⊗R(Γm×C
××C×)
∼=
−→ R(Γn×C
××C× × Γm×C
××C×)
1⊗m
C××C×
−→ R(Γn×Γm×C
××C×)
Ind⊗1
−→ R(Γn+m×C
××C×);(2.3)
∆ : R(Γn×C
××C×)
Res⊗1
−→ ⊕nm=0R(Γn−m × Γm×C
××C×)
1⊗∆
C××C×
−→ ⊕nm=0R(Γn−m × Γm×C
××C××C××C×)
∼=
−→ ⊕nm=0R(Γn−m×C
××C×)⊗R(Γm×C
××C×),(2.4)
where we have used the identification of R(C× × C×) with R(C×) ⊗ R(C×) in
(2.1-2.2). Also Ind : R(Γn × Γm) −→ R(Γn+m) denotes the induction functor and
Res : R(Γn) −→ R(Γn−m × Γm) denotes the restriction functor.
The antipode is given by
S(f(g, (t1, t2))) = f(g
−1, (t−11 , t
−1
2 )), g ∈ Γ, t ∈ C
××C×.
In particular, S(γ)(c) = γ(c−1) for γ ∈ Γ∗. As we mentioned earlier, we may write
f ∈ RΓ×C××C× as
f r, s(g) =
∑
i
fi(g)r
misni ,
Then S(f r, s)(g) =
∑
i fi(g
−1)r−mis−ni .
The counit ǫ is defined by
ǫ(R(Γn×C
××C×)) = 0, if n 6= 0,
and ǫ on R(C××C×) is the counit of the Hopf algebra R(C××C×).
3. A weighted bilinear form on R(Γn×C
××C×)
3.1. A standard bilinear form on RΓ×C××C× . Let f, g ∈ RΓ×C××C× with
f =
∑
i fi ⊗ r
misni and g =
∑
i gi ⊗ r
kisli . The C[r±1, s±1]-valued standard C-
bilinear form on RΓ×C××C× is defined as
〈f, g〉r sΓ =
∑
i,j
〈fi, gj〉Γr
mi−kjsni−lj
=
∑
i,j
∑
c∈Γ∗
ζ−1c fi(c)gj(c
−1)rmi−kjsni−lj ,
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where we recall that c−1 denotes the conjugacy class {x−1|x ∈ c} of Γ, and ζc is the
order of the centralizer of the class c in Γ. Sometimes we will also view the bilinear
form as a function of (t1, t2) ∈ C
××C×:
〈f, g〉r, sΓ (t1, t2) =
∑
c∈Γ∗
ζ−1c f(c, (t1, t2))S(g(c, (t1, t2))).
The following is a direct consequence of the orthogonality of irreducible char-
acters of Γ.
〈γi ⊗ r
msn, γj ⊗ r
ksl〉r, sΓ = δijr
m−ksn−l,∑
γ∈Γ∗
γ(c′)S(γ)(c) = δc,c′ζc, c, c
′ ∈ Γ∗.(3.1)
Let 〈 , 〉r, sΓn be the C[r
±1, s±1]-valued bilinear form on R(Γn×C
××C×). The
C[r±1, s±1]-valued standard bilinear form in RΓ×C××C× is defined in terms of the
bilinear form on R(Γn×C
××C×) as follows:
〈u, v〉r, s =
∑
n≥0
〈un, vn〉
r, s
Γn
,
where u =
∑
n un and v =
∑
n vn with un, vn ∈ R(Γn×C
××C×).
3.2. A weighted bilinear form on RΓ×C××C× . A class function ξ ∈ RΓ×C××C×
is called ⁀self-dual if for all x ∈ Γ, (t1, t2) ∈ C
××C×
ξ(x, (t1, t2)) = S(ξ(x, (t1, t2))),
or equivalently ξr, s(x) = ξr
−1, s−1(x−1).
We fix a self-dual class function ξ. The tensor product of two representations
γ and β in RΓ×C××C×) will be denoted by γ ∗ β.
Let aij ∈ C[r
±1, s±1] be the (virtual) multiplicity of γj in ξ ∗ γi, i.e.,
ξ ∗ γi =
r∑
j=0
aijγj .(3.2)
We denote by Ar, s the n× n matrix (aij)0≤i,j≤n−1.
Associated to ξ we introduce the following weighted bilinear form
〈f, g〉r, sξ = 〈ξ ∗ f, g〉
r, s
Γ , f, g ∈ RΓ×C××C× .
where we use the superscript r s to indicate the r, s-dependence. The superscript r s
is often omitted if the r, s-variable in characters f and g is clear from the context.
The explicit formula of the bilinear form is given as follows.
〈f, g〉r, sξ =
1
|Γ|
∑
x∈Γ
ξr, s(x)f r, s(x)gr
−1, s−1(x−1)
=
∑
c∈Γ∗
ζ−1c ξ
r, s(c)f r, s(c)gr
−1, s−1(c−1),(3.3)
which is the average of the character ξ ∗ f ∗ g over Γ.
The self-duality of ξ together with (3.3) implies that
aij = aji,
i.e. Ar s is a hermitian-like matrix with the bar action given by r = s, s = r.
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The orthogonality (3.1) implies that
(3.4) aij = 〈γi, γj〉
r, s
ξ .
Remark 3.1. If ξ is the trivial character γ0, then the weighted bilinear form
becomes the standard one on RΓ×C××C× .
3.3. A weighted bilinear form on R(Γn×C
××C×). Let V be a Γ×C××C×-
module which affords a character γ in RΓ×C××C× . We can decompose V as follows:
V =
⊕
i
Vi ⊗ C(ki, li),
where Vi is a (virtual) Γ-module in R(Γ) and C(ki, li) is the one dimensional
C××C×-module afforded by the character rkisli .
The n-th outer tensor product V ⊗n of V can be regarded naturally as a rep-
resentation of the wreath product (Γ×C××C×)n via permutation of the factors
and the usual direct product action. More precisely, note that Γ×C××C× can be
viewed as a subgroup of (Γ×C××C×)n by the diagonal inclusion from C
××C× to
(C××C×)n:
Γn × C
××C× −→ (Γn × C××C×
n
)⋊ Sn = (Γ× C
××C×)n.
This provides a natural Γn × C
××C×-module structure on V ⊗n. We denote its
character by ηn(γ). Explicitly we have
(3.5) (g, σ, (t1, t2)).(v1⊗· · ·⊗ vn) = (g1, (t1, t2))vσ−1(1)⊗· · ·⊗ (gn, (t1, t2))vσ−1(n),
where g = (g1, . . . , gn) ∈ Γ
n.
Let εn be the (1-dimensional) sign representation of Γn so that Γ
n acts trivially
while letting Sn act as a sign representation. We denote by εn(γ) ∈ R(Γn×C
××C×)
the character of the tensor product of εn ⊗ 1 and V
⊗n.
The weighted bilinear form on R(Γn×C
××C×) is now defined by
〈f, g〉r, sξ,Γn = 〈ηn(ξ) ∗ f, g〉
r, s
Γn
, f, g ∈ R(Γn×C
××C×).
We shall see in Corollary 6.4 that ηn(ξ) is self-dual if the class function ξ is invariant
under the antipode S. In such a case the matrix of the bilinear form 〈 , 〉r, sξ is equal
to its adjoint (transpose and bar action).
We can naturally extend ηn to a map from R(Γ) ⊗ r
msn to RΓ×C××C× as
follows. In particular, if β and γ are characters of representations V and W of Γ
respectively, then
ηn(β ⊗ r
msn + γ ⊗ rksl)
=
n∑
m=0
IndΓn×C
××C×
Γn−m×C××C××Γm×C××C×
[ηn−m(β ⊗ r
msn)⊗ ηm(γ ⊗ r
ksl)],(3.6)
ηn(β ⊗ r
msn − γ ⊗ rksl)
=
n∑
m=0
(−1)mIndΓn×C
××C×
Γn−m×C××C××Γm×C××C×
[ηn−m(β ⊗ r
msn)⊗ εm(γ ⊗ r
ksl)].(3.7)
On RΓ×C××C× =
⊕
nR(Γn×C
××C×) the weighted bilinear form is given by
〈u, v〉r, sξ =
∑
n≥0
〈un, vn〉
r s
ξ,Γn
where u =
∑
n un and v =
∑
n vn with un, vn ∈ R(Γn×C
××C×).
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The bilinear form 〈 , 〉r, sξ on RΓ×C××C× is C-bilinear and takes values in
C[r±1, s±1]. When n = 1, it reduces to the weighted bilinear form defined on
RΓ×C××C× .
We will often omit the superscript r s and use the notation 〈 , 〉ξ for the
weighted bilinear form on RΓ×C××C× .
4. Two-parameter quantum McKay weights
4.1. Two-parameter quantum McKay correspondence. Let di = γi(c
0)
be the dimension of the irreducible representation of Γ corresponding to the char-
acter γi.
The following generalizes a result of McKay [Mc].
Proposition 4.1. For each class c ∈ Γ∗ the column vector
v(c) = (γ0(c), γ1(c), . . . , γn−1(c))
t
is an eigenvector of the n×n-matrix Ar s = (〈γi, γj〉
r, s
ξ ) with eigenvalue ξ
r, s(c). In
particular (d0, d1, . . . , dn−1) is an eigenvector of A
r, s with eigenvalue ξr, s(c0).
Proof. We compute directly that
r∑
k=0
〈γi, γk〉
r, s
ξ γk(c) =
∑
k
∑
c′∈Γ∗
ζ−1c′ ξ
r, s(c′)γi(c
′)γk(c
′−1)γk(c)
=
∑
c′∈Γ∗
ζ−1c′ ξ
r, s(c′)γi(c
′)
∑
k
γk(c
′−1)γk(c)
=
∑
c′∈Γ∗
ζ−1c′ ξ
r, s(c′)γi(c
′)ζcδcc′
= ξr, s(c)γi(c).

Let π be an irreducible faithful representation π of Γ of dimension d. For each
integer n we define the r, s-integer [n] that can be viewed as a character of C××C×
by
(4.1) [n] =
rn − sn
r − s
= rn−1 + rn−2s+ · · ·+ rsn−2 + sn−1.
We take the following special class function
(4.2) ξ = γ0 ⊗ [d](rs)
− d4 − π ⊗ 1C××C× ,
where we have also used the symbol π for the corresponding character, and 1C××C× =
r0s0 is the trivial character of C××C×.
Similar to one-parameter quantum case, we have the following fact(cf. [FJW2]).
Proposition 4.2. The weighted bilinear form associated to (4.2) is non-degenerate.
If π is an embedding of Γ into SUd and t 6= 1 is a nonnegative real number, then
the weighted bilinear form evaluated on t is positive definite.
Remark 4.3. The matrix A1, 1 is integral, and the entries of Ar, s are the r, s-
numbers of the corresponding entries in A1, 1 when r ≥ 2.
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4.2. Two quantum McKay weights. Let Γ is a finite subgroup of SU2 and
we introduce the first distinguished self-dual class function
ξ = γ0 ⊗ ((rs
−1)
1
2 + (r−1s)
1
2 )− π ⊗ 1C××C× ,
where π is the character of the embedding of Γ in SU2.
The matrix of the weighted bilinear form 〈 , 〉ξ (cf. (3.4)) has the following
entries:
(4.3) aij =
{
(rs−1)
1
2 + (r−1s)
1
2 , if i = j,
−1, if 〈γi, γj〉
1
ξ = −1,
In particular when r = s = 1 the matrix (a1, 1ij ) coincides with the extended
Cartan matrix of ADE type according to the five classes of finite subgroups of
SU2: the cyclic, binary dihedral, tetrahedral, octahedral, and icosahedral groups.
McKay [Mc] gave a direct correspondence between a finite subgroup of SU2 and the
affine Dynkin diagram D of ADE type. Each irreducible character γi corresponds
to a vertex of D, and the number of edges between γi and γj (i 6= j) is equal to
|〈γi, γj〉
1, 1
ξ |, where 〈γi, γj〉
1, 1
ξ = a
1
ij are the entries of matrix A
1 1 of the weighted
bilinear form 〈 , 〉1, 1ξ . For this reason we will call our matrix A
r, s = (aij) =
(〈γi, γj〉
r, s
ξ ) the quantum Cartan matrix.
5. Two-parameter quantum Heisenberg algebras and Γn
5.1. Two-parameter Heisenberg algebra ĥΓ,ξ. Let ĥΓ,ξ be the infinite di-
mensional Heisenberg algebra overC[r±1, s±1], associated with Γ and ξ ∈ RΓ×C××C× ,
with generators am(c), c ∈ Γ∗,m ∈ Z and a central element C subject to the fol-
lowing commutation relations:
(5.1) [am(c
−1), an(c
′)] = mδm,−nδc,c′ζcξrm, sm(c)C, c, c
′ ∈ Γ∗.
For m ∈ Z, γ ∈ Γ∗ and k, l ∈ Z we define
am(γ ⊗ r
ksl) =
∑
c∈Γ∗
ζ−1c γ(c)am(c)r
mksml
and then extend it to RΓ×C××C× linearly over C. Thus we have for γ ∈ RΓ×C××C×
(5.2) am(γ) =
∑
c∈Γ∗
ζ−1c γrm, sm(c)am(c).
In particular we have am(γ ⊗ r
ksl) = am(γ)r
mksml.
It follows immediately from the orthogonality (3.1) of the irreducible characters
of Γ that for each c ∈ Γ∗
am(c) =
∑
γ∈Γ∗
S(γ(c))am(γ).
Note that this formula is also valid if the summation runs through Γ∗ ⊗ rksl with
a fixed k and l.
Proposition 5.1. The Heisenberg algebra ĥΓ,ξ has a new basis given by an(γ) and
C (n ∈ Z, γ ∈ Γ∗) over C[r±1, s±1] with the following relations:
(5.3) [am(γ), an(γ
′)] = mδm,−n〈γ, γ
′〉r
m, sm
ξ C.
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Proof. This is proved by a direct computation using Eqns. (5.1), (3.3) and
(3.1).
[am(γ), an(γ
′)] =
∑
c,c′∈Γ∗
ζ−1c ζ
−1
c′ γ(c)γ
′(c′)[am(c), an(c
′)]
= mδm,−n
∑
c,c′∈Γ∗
ζ−1c ζ
−1
c′ γ(c)γ
′(c′)δc−1,c′ζcξrm, sm(c)C
= mδm,−n
∑
c∈Γ∗
ζ−1c γ(c)γ
′(c−1)ξrm, sm(c)C
= mδm,−n〈γ, γ
′〉r
m, sm
ξ C.

5.2. Action of ĥΓ,ξ on the Space SΓ×C××C× . Let SΓ×C××C× be the sym-
metric algebra generated by a−n(γ), n ∈ N, γ ∈ Γ∗ over C[r
±1, s±1]. We define
a−n(γ ⊗ r
ksl) = a−n(γ)r
−kns−ln and the natural degree operator on the space
SΓ×C××C× by
deg(a−n(γ ⊗ r
ksl)) = n
which makes SΓ×C××C× into a Z+-graded algebra.
The space SΓ×C××C× affords a natural realization of the Heisenberg algebra ĥΓ,ξ
with C = 1. Since a−n(γ ⊗ r
ksl) = r−nks−nla−n(γ), it is enough to describe the
action for a−n(γ). The central element C acts as the identity operator. For n > 0,
a−n(γ) act as multiplication operators on SΓ×C××C× . The element an(γ), n ≥ 0
acts as a differential operator through contraction:
an(γ).a−n1(α1)a−n2(α2) . . . a−nk(αk)
=
∑k
i=1〈γ, αi〉
rn, sn
ξ a−n1(α1)a−n2(α2) . . . aˇ−ni(αi) . . . a−nk(αk).
Here ni > 0, αi ∈ R(Γ) for i = 1, . . . , k, and aˇ−ni(αi) means the very term is
deleted. In this case SΓ×C××C× is an irreducible representation of ĥΓ,ξ with the
unit 1 as the highest weight vector.
5.3. The bilinear form on SΓ×C××C× . As a ĥΓ,ξ-module, the space SΓ×C××C×
admits a bilinear form 〈 , 〉′ξ over C[r
±1, s±1] characterized by
〈1, 1〉′ξ = 1,
〈au, v〉′ξ = 〈u, a
∗v〉′ξ, a ∈ ĥΓ,ξ,(5.4)
with the adjoint map ∗ on ĥΓ,ξ given by
(5.5) an(γ ⊗ r
ksl)∗ = a−n(γ ⊗ r
ksl), n ∈ Z.
Note that the adjoint map ∗ is a C-linear anti-homomorphism of ĥΓ,ξ, and r
∗ =
r, s∗ = s. We still use the same symbol ∗ to denote the hermitian-like dual, since
it clearly generalizes the ∗-action on the deformed Cartan matrix (??).
For any partition λ = (λ1, λ2, . . . ) and γ ∈ Γ
∗, we define
a−λ(γ) = a−λ1(γ)a−λ2(γ) . . . .
For ρ = (ρ(γ))γ∈Γ∗ ∈ P(Γ
∗), we define
a−ρ⊗rksl = r
−k‖ρ‖s−l‖ρ‖
∏
γ∈Γ∗
a−ρ(γ)(γ).
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It is clear that for a fixed k ∈ Z the elements a−ρ⊗qk , ρ ∈ P(Γ
∗) form a basis of
SΓ×C××C× over C[r
±1, s±1].
Given a partition λ = (λ1, λ2, . . .) and c ∈ Γ∗, we define
a−λ(c⊗ r
ksl) = r−k|λ|s−l|λ|a−λ1(c)a−λ2 (c) . . . ,
For any ρ = (ρ(c))c∈Γ∗ ∈ P(Γ∗) and k ∈ Z, we define
a′−ρ⊗rksl = r
−k‖ρ‖s−l‖ρ‖
∏
c∈Γ∗
a−ρ(c)(c).
It follows from Proposition 5.1 that
〈a′−ρ⊗rmsn , a
′
−σ⊗rksl〉
′
ξ = δρ,σr
‖ρ‖(k−m)s‖ρ‖(l−n)Zρ
∏
c∈Γ∗
∏
i≥1
ξqi(c)
mi(ρ(c)),
where ρ, σ ∈ P(Γ∗). Note that S(a
′
−ρ⊗rksl) = a
′
−ρ⊗r−ks−l , where we recall that
ρ ∈ P(Γ∗) is the partition-valued function given by c 7→ ρ(c
−1), c ∈ Γ.
6. The characteristic map as an isometry
6.1. The characteristic map ch. Let Ψ : Γn → SΓ×C××C× be the map
defined by Ψ(x) = a′−ρ if x ∈ Γn is of type ρ.
We define a C-linear map ch : RΓ×C××C× −→ SΓ×C××C× by letting
ch(f) = 〈f,Ψ〉Γn
=
∑
ρ∈P(Γ∗)
Z−1ρ S(f(ρ))a
′
−ρ,(6.1)
where f(ρ) ∈ C[r±1, s±1] is the value of f at the elements of type ρ. The map ch is
called the characteristic map. This generalizes the definition of the characteristic
map in the classical setting (cf. [M, FJW1, FJW2]).
The space SΓ×C××C× can also be interpreted as follows. The element a−n(γ), n >
0, γ ∈ Γ∗ is identified as the n-th power sum in a sequence of variables yg = (yiγ)i≥1.
By the commutativity among a−n(γ) (γ ∈ Γ
∗, n > 0) and dimension counting it
is clear that the space SΓ×C××C× is isomorphic with the space ΛΓ of symmetric
functions indexed by Γ∗ tensored with C[r±1, s±1] (cf. [M]).
Denote by cn(c ∈ Γ∗) the conjugacy class in Γn of elements (x, q) ∈ Γn such
that q is an n-cycle and x ∈ c. Denote by σn(c ⊗ r
ksl) the class function on
Γn × C
× × C× which takes values nζct
−nk
1 t
−nl
2 (i.e. the order of the centralizer of
an element in the class cn times t
−nk
1 t
−nl
2 ) on elements in the class cn × t1t2 and 0
elsewhere. For ρ = {mr(c)}r≥1,c∈Γ∗ ∈ Pn(Γ
∗) and k ∈ Z,
σρ⊗rksl = r
nlsnk
∏
a≥1,c∈Γ∗
σa(c)
ma(c)
is the class function on Γn×C
××C× which takes value Zρt
−nk
1 t
−nl
2 on the conjugacy
class of type ρ × t1t2 and 0 elsewhere. Given γ ∈ Γ
∗ and k, l ∈ Z, we denote by
σn(γ ⊗ r
ksl) the class function on Γn×C
××C× which takes values nγ(c)t−nk1 t
−nl
2
on elements in the class cn × t1t2(c ∈ Γ∗) and 0 elsewhere.
Lemma 6.1. The map ch sends σρ⊗rksl to a
′
−ρ⊗rksl . In particular, it sends σn(γ⊗
rksl) to a−n(γ ⊗ r
ksl) in SΓ×C××C× .
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Proof. This is verified by the definition of ch (6.1) and the character values
of σn defined above. 
Proposition 6.2. Given γ ∈ Γ∗, the character value of ηn(γ ⊗ r
ksl) on the conju-
gacy class cρ of type ρ = (ρ(c))c∈Γ∗ is given by
(6.2) ηn(γ ⊗ r
ksl)(cρ) =
∏
c∈Γ∗
γ(c)l(ρ(c))rnksnl.
In particular, we have ηn(γ ⊗ r
ksl) = ηn(γ)r
nksnl.
Proof. We first let (g, σ) be an element of Γn such that σ is a cycle of length
n, say σ = (12 · · ·n). Let {ei} be a basis of V , and γ ⊗ r
ksl is afforded by the
action: (h, t)ej =
∑
i cij(h)t
kei, where h ∈ Γ. We then have
(g, σ, t).(ej1 ⊗ ej2 ⊗ · · · ⊗ ejn)
= (g1, t)ejn ⊗ (g2, t)ej1 ⊗ · · · ⊗ (gn, t)ejn−1
=
∑
i1,...,in
tkncinjn(g1)ci1j1(g2) · · · cin−1jn−1(gn)ein ⊗ ei1 · · · ⊗ ein−1 .
It follows that
ηn(γ ⊗ r
ksl)(cρ, t) = trace (g, σ, t)
=
∑
j1,...,jn
tkncj1jn(g1)cj2j1(g2) · · · cjnjn−1(gn)
= trace tkna(gn)a(gn−1) . . . a(g1)
= trace tkna(gngn−1 . . . g1) = γ(c)r
knsln(t).
Given x× y ∈ Γn where x ∈ Γr and y ∈ Γn−r, by (3.5) we clearly have
ηn(γ ⊗ r
ksl)(x × y, t) = ηn(γ ⊗ r
ksl)(x, t)ηn(γ ⊗ r
ksl)(y, t).
This immediately implies the formula. 
A similar argument gives that
(6.3) εn(γ ⊗ r
ksl)(x, t) = (−1)n
∏
c∈Γ∗
(−γ(c))l(ρ(c))tnk,
where x is any element in the conjugacy class of type ρ = (ρ(c))c∈Γ∗ .
Formula (6.2) is equivalent to the following:
(6.4) ηn(γ ⊗ r
ksl)(cρ, t) =
∏
c∈Γ∗
∏
i≥1
(γ ⊗ rksl)(c, ti)mi(ρ(c)).
The following result allows us to extend the map from γ ∈ Γ∗ to R(Γn).
Proposition 6.3. For any γ ∈ R(Γ), we have∑
n≥0
ch(ηn(γ ⊗ r
ksl))zn = exp
(∑
n≥1
1
n
a−n(γ)(r
−ks−lz)n
)
,(6.5)
∑
n≥0
ch(εn(γ ⊗ r
ksl))zn = exp
(∑
n≥1
(−1)n−1
1
n
a−n(γ)(r
−ks−lz)n
)
.(6.6)
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Proof. It follows from definition of ch (6.1) and (6.4) that
∑
n≥0
ch(ηn(γ ⊗ r
ksl))zn
=
∑
ρ
Z−1ρ
∏
c∈Γ∗
∏
i≥1
S(γriksil(c)
mi(ρ(c)))a−ρ(c)z
||ρ||r−k||ρ||s−l||ρ||
=
∑
ρ
Z−1ρ
∏
c∈Γ∗
γ(c)l(ρ(c))a−ρ(c)(r
−ks−lz)||ρ||
=
∏
c∈Γ∗
(∑
λ
(ζ−1c γ(c))
l(λ)z−1λ a−λ(c)(r
−ks−lz)|λ|
)
= exp
(∑
n≥1
1
n
∑
c∈Γ∗
ζ−1c γ(c)a−n(c)(r
−ks−lz)n
)
= exp
(∑
n≥1
1
n
a−n(γ)(r
−ks−lz)n
)
.
Similarly we can prove (6.6) using the following identity
εn(γ ⊗ r
ksl)(x) = (−1)n
∏
c∈Γ∗
∏
i≥1
(−γriksil(c))
mi(ρ(c))
= (−rksl)n
∏
c∈Γ∗
∏
i≥1
(−γ(c))mi(ρ(c))
= εn(γ)(x)r
nksnl.
The same argument as in the classical case (cf. [FJW1, FJW2]) by using
(3.6) and (3.7) will show that the proposition holds for linear combination of simple
characters such as γ ⊗ rksl − β ⊗ qk, and thus it is true for any element γ ⊗ rksl,
where γ ∈ R(Γ). 
Comparing components we obtain
ch(ηn(γ ⊗ r
ksl)) =
∑
λ
r−kns−ln
zλ
a−λ(γ),
ch(εn(γ ⊗ r
ksl)) =
∑
λ
r−kns−ln
zλ
(−1)|λ|−l(λ)a−λ(γ),
where the sum runs over all partitions λ of n.
Corollary 6.4. The formula (6.4) remains valid when γ ⊗ rksl is replaced by any
element ξ ∈ R(Γ×C×). In particular ηn(ξ) is self-dual provided that ξ is invariant
under the antipode S.
6.2. Isometry between RΓ×C××C× and SΓ×C××C× . The symmetric algebra
SΓ×C××C× = SΓ⊗C[r
±1, s±1] has the following Hopf algebra structure over C. The
multiplication is the usual one, and the comultiplication is given by
∆(rksl) = rksl ⊗ rksl
∆(an(γ ⊗ r
ksl)) = an(γ ⊗ r
ksl)⊗ rnksnl + rnksnl ⊗ an(γ ⊗ r
ksl),
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where γ ∈ Γ∗. The last formula is equivalent to the following:
(6.7) ∆(an(c⊗ r
ksl)) = an(c⊗ r
ksl)⊗ rnksnl + rnksnl ⊗ an(c⊗ r
ksl),
where c ∈ Γ∗. The antipode is given by
S(rksl) = rlsk,
S(an(γ ⊗ r
ksl)) = −an(γ ⊗ r
lsk)
The antipode commutes with the adjoint (dual) map ∗:
(6.8) ∗2 = S2 = Id, S∗ = ∗S.
Recall that we have defined a Hopf algebra structure on RΓ×C××C× in Sect. 2.
Proposition 6.5. The characteristic map ch : RΓ×C××C× −→ SΓ×C××C× is an
isomorphism of Hopf algebras.
Proof. It follows immediately from the definition of the comultiplication in
the both Hopf algebras (cf. (2.4) and (6.7)). 
Recall that we have defined a bilinear form 〈 , 〉ξ on RΓ×C××C× and a bilinear
form on SΓ×C××C× denoted by 〈 , 〉
′
ξ, where ξ is a self-dual class function. The
following lemma is immediate from our definition of 〈 , 〉′ξ and the comultiplication
∆.
Lemma 6.6. The bilinear form 〈 , 〉′ξ on SΓ×C××C× can be characterized by the
following two properties:
1). 〈a−n(β⊗r
k1sl1), a−m(γ⊗r
k2sl2)〉
′
ξ = δn,mr
n(k2−k1)sn(l2−l1)〈β, γ〉
′
ξ, β, γ ∈
Γ∗, k1, k2, l1, l2 ∈ Z.
2). 〈fg, h〉
′
ξ = 〈f ⊗ g,∆h〉
′
ξ, where f, g, h ∈ SΓ×C××C× , and the bilinear form
on SΓ×C××C× ⊗ SΓ×C××C× , is induced from 〈 , 〉
′
ξ on SΓ×C××C× .
Theorem 6.7. The characteristic map is an isometry from the space
(RΓ×C××C× , 〈 , 〉ξ) to the space (SΓ×C××C× , 〈 , 〉
′
ξ).
Proof. By Corollary 6.4, the character value of ηn(ξ) at an element x of type
ρ is
ηn(ξ)(x) =
∏
c∈Γ∗
∏
i≥1
ξqi(c)
mi(ρ(c)).
Thus it follows from definition that
〈σρ⊗rk1 sl1 , σρ′⊗rk2sl2 〉ξ =
∑
µ∈Pn(Γ∗)
Z−1µ r
n(k2−k1)sn(l2−l1)ξq(cµ)σρ(cµ)σρ′ (cµ)
= δρ,ρ′Z
−1
ρ r
n(k2−k1)sn(l2−l1)ξ(cρ)ZρZρ
= δρ,ρ′Zρr
n(k2−k1)sn(l2−l1)
∏
c∈Γ∗
∏
i≥1
ξqi (c)
mi(ρ(c)).
By Lemma 6.1 and the formula (5.6), we see that
〈σρ⊗rk1sl1 , σρ′⊗rk2sl2 〉ξ = 〈a−ρ⊗rk1sl1 , a−ρ′⊗rk2sl2 〉
′
ξ = 〈ch(σρ⊗rk1sl1 ), ch(σρ′⊗rk2sl2 )〉
′
ξ.
Since σρ⊗rksl , ρ ∈ P(Γ∗) form a C-basis of RΓ×C××C× , we have shown that ch :
RΓ×C××C× −→ SΓ×C××C× is an isometry. 
From now on we will not distinguish the bilinear form 〈 , 〉ξ on RΓ×C××C× from
the bilinear form 〈 , 〉
′
ξ on SΓ×C××C× .
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7. Two-parameter quantum vertex operators and RΓ×C××C×
7.1. Two-parameter vertex operators and Heisenberg algebras in
FΓ×C××C× . LetK = Q(r, s) denote a field of rational functions with two-parameters
r, s (r 6= ±s). Let Q be an integral lattice with basis αi, i = 0, 1, . . . , n−1 endowed
with a symmetric bilinear form. We fix a 2-cocycle ǫ : Q × Q −→ K× has the
following properties:
ǫ(α+ β, γ) = ǫ(α, β)ǫ(β, γ),
ǫ(α, β + γ) = ǫ(α, β)ǫ(α, γ)
We construct such a cocycle directly by
ǫ(αi, αj) =
 (−risi)
aij
2 , i > j;
(rs)
1
2 , i = j;
1, i < j.
Let ξ be a self-dual virtual character in RΓ×C××C× . Recall that the lattice
RZ(Γ) is a Z-lattice under the bilinear form 〈 , 〉
1
ξ , here the superscript means
r = s−1 = 1. For our purpose we will always associate a 2-cocycle ǫ as in the
previous subsection to the integral lattice (RZ(Γ), 〈 , 〉
1
ξ) (and its sublattices).
Let C[RZ(Γ)] be the group algebra generated by e
γ , γ ∈ RZ(Γ). We introduce
two special operators acting on C[RZ(Γ)]: A (ǫ-twisted) multiplication operator e
α
defined by
eα.eβ = ǫ(α, β)eα+β , α, β ∈ RZ(Γ),
and a differentiation operator ∂α given by
∂αe
β = 〈α, β〉1ξe
β, α, β ∈ RZ(Γ).
These two operators are then extended linearly to the space
(7.1) FΓ×C××C× = RΓ×C××C× ⊗ C[RZ(Γ)]
by letting them act on the RΓ×C××C× part trivially.
We define the Hopf algebra structure on C[RZ(Γ)] and extend the Hopf algebra
structure from RΓ×C××C× to FΓ×C××C×as follows.
∆(eα) = eα ⊗ eα, S(eα) = e−α.
The bilinear form 〈 , 〉r sξ on RΓ×C××C× is extended to FΓ×C××C× by
〈eα, eβ〉ξ = δα,β .
With respect to this extended bilinear form we have the ∗-action (adjoint ac-
tion) on the operators eα and ∂α:
(7.2) (eα)∗ = e−α, (z∂α)∗ = z−∂α .
For each k ∈ Z, we introduce the group theoretic operators
H±n(γ ⊗ r
ksl), E±n(γ ⊗ r
ksl), γ ∈ R(Γ), n > 0 as the following compositions of
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maps:
H−n(γ ⊗ r
ksl) : R(Γm×C
××C×)
ηn(γ⊗r
ksl)⊗
−→ R(Γn×C
××C×)⊗R(Γm×C
××C×)
Ind⊗m
C×−→ R(Γn+m × C
× × C×)
E−n(γ ⊗ r
ksl) : R(Γm×C
××C×)
εn(γ⊗r
ksl)⊗
−→ R(Γn×C
××C×)⊗R(Γm×C
××C×)
Ind⊗m
C×−→ R(Γn+m × C
× × C×)
En(γ ⊗ r
ksl) : R(Γm×C
××C×)
Res
−→ R(Γn)⊗R(Γm−n × C
× × C×)
〈εn(γ⊗r
ksl),·〉ξ
−→ R(Γm−n × C
× × C×)
Hn(γ ⊗ r
ksl) : R(Γm×C
××C×)
Res
−→ R(Γn)⊗R(Γm−n × C
× × C×)
〈ηn(γ⊗q
k),·〉ξ
−→ R(Γm−n × C
× × C×),
where Res and Ind are the restriction and induction functors in RΓ =
⊕
n≥0R(Γn).
We introduce their generating functions in a formal variable z:
H±(γ ⊗ r
ksl, z) =
∑
n≥0
H∓n(γ ⊗ r
ksl)z±n,
E±(γ ⊗ r
ksl, z) =
∑
n≥0
E∓n(γ ⊗ r
ksl)(−z)±n.
We now define the vertex operators Y ±n (γ ⊗ r
ksl, a, b) , γ ∈ Γ∗, k, l, a, b ∈ Z,
n ∈ Z+ 〈γ, γ〉1ξ/2 as follows.
Y +(γ ⊗ rksl, a, b, z) =
∑
n∈Z+〈γ,γ〉1
ξ
/2
Y +n (γ ⊗ r
ksl, a, b)z−n−〈γ,γ〉
1
ξ/2
= H+(γ ⊗ r
ksl, z)E−(γ ⊗ r
k−asl−b, z)eγ(r−ks−lz)∂γ ,(7.3)
Y −(γ ⊗ rksl, a, b, z) = (Y +(γ ⊗ rksl, a, b, z−1))∗
=
∑
n∈Z+〈γ,γ〉1
ξ
/2
Y −n (γ ⊗ r
ksl, a, b)z−n−〈γ,γ〉
1
ξ/2
= E+(γ ⊗ r
k−asl−b, z)H−(γ ⊗ r
ksl, z)e−γ(r−ks−lz)−∂γ .(7.4)
One easily sees that the operators Y ±n (γ ⊗ r
ksl, a, b) are well-defined operators
acting on the space FΓ×C××C× .
We extend the Z+-gradation on RΓ×C××C× to a
1
2 〈γ, γ〉
1
ξ + Z+-gradation on
FΓ×C××C× by letting
deg a−n(γ ⊗ r
ksl) = n, deg eγ =
1
2
〈γ, γ〉1ξ.
We denote by RΓ×C××C× the subalgebra of RΓ×C××C× excluding the generators
an(γ0), n ∈ Z
×. The bilinear form 〈 , 〉ξ on
FΓ×C××C× = RΓ×C××C× ⊗RZ(Γ)
will be the restriction of 〈 , 〉ξ on FΓ×C××C× to FΓ×C××C× .
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We define a˜−n(γ ⊗ r
ksl), n > 0 to be a map from RΓ×C××C× to itself by the
following composition
R(Γm×C
××C×)
σn(γ⊗r
ksl)⊗
−→ R(Γn×C
××C×)⊗R(Γm×C
××C×)
Ind⊗m
C×−→ R(Γn+m × C
× × C×).
We also define a˜n(γ ⊗ r
ksl), n > 0 to be a map from RΓ×C××C× to itself as the
composition
R(Γm×C
××C×)
Res⊗1
−→ R(Γn×C
××C×)⊗R(Γm−n × C
× × C×)
〈σn(γ⊗r
ksl),·〉q
ξ
−→ R(Γm−n × C
× × C×).
Proposition 7.1. The operators a˜n(γ), γ ∈ Γ
∗, n ∈ Z× satisfy the Heisenberg
algebra relations (5.1) with C = 1.
Proof. This is similarly proved as for the classical setting in [W]. 
7.2. Group theoretic interpretation of vertex operators. To compare
the vertex operators Y ±(γ⊗ qk, a, b, z) with the familiar vertex operators acting in
the Fock space we introduce the space
VΓ×C××C× = SΓ×C××C× ⊗ C[RZ(Γ)].
We extend the bilinear form 〈 , 〉r, sξ in SΓ×C××C× to the space VΓ×C××C× and
also extend the Z+-gradation on SΓ×C××C× to a
1
2Z+-gradation on VΓ.
We extend the characteristic map to the map
ch : FΓ×C××C× −→ VΓ×C××C×
by identity on RZ(Γ). Then Proposition 6.5 and Theorem 6.7 imply that we have
an isometric isomorphism of Hopf algebras. We can now identify the operators
from the previous subsections with the operators constructed from the Heisenberg
algebra.
Theorem 7.2. For any γ ∈ R(Γ) and k ∈ Z, we have
ch
(
H+(γ ⊗ r
ksl, z)
)
= exp
(∑
n≥1
1
n
a−n(γ)(r
−ks−lz)n
)
,(7.5)
ch
(
E+(γ ⊗ r
ksl, z)
)
= exp
(
−
∑
n≥1
1
n
a−n(γ)(r
−ks−lz)n
)
,(7.6)
ch
(
H−(γ ⊗ r
ksl, z)
)
= exp
(∑
n≥1
1
n
an(γ)(r
−ks−lz)−n
)
,(7.7)
ch
(
E−(γ ⊗ r
ksl, z)
)
= exp
(
−
∑
n≥1
1
n
an(γ)(r
−ks−lz)−n
)
.(7.8)
Proof. The first and second identities were essentially established in Propo-
sition 6.3 together with Lemma 6.1, where the components are viewed as operators
acting on RΓ×C××C× or SΓ×C××C× . Note that an(γ ⊗ r
ksl) = an(γ)r
knsln.
We observe from definition that the adjoint ∗-action of E+(γ ⊗ r
ksl, z) and
H−(γ ⊗ r
ksl, z) with respect to the bilinear form 〈 , 〉r, sξ are E−(γ ⊗ r
ksl, z−1)
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and H−(γ⊗ r
ksl, z−1) respectively. The third and fourth identities are obtained by
applying the adjoint action ∗ to the first two identities. 
Remark 7.3. Replacing γ by −γ in (7.5) and (7.7) we obtain the equivalent
formulas (7.6) and (7.8) respectively.
Applying the characteristic map to the vertex operators Y ±(γ, a, b, z), we ob-
tain the following group theoretical explanation of vertex operators acting on the
Fock space FΓ×C××C× .
Theorem 7.4. For any γ ∈ RΓ and k ∈ Z, we have
Y +(γ, a, b, z)
= exp
(∑
n≥1
1
n
a˜−n(γ)z
n
)
exp
(
−
∑
n≥1
1
n
a˜n(γ)r
−ans−bnz−n
)
eγz∂γ
= ch(H+(γ, z))ch(S(H+(γ ⊗ r
asb, z−1)∗))eγz∂γ ,
Y −(γ, a, b, z)
= exp
(
−
∑
n≥1
1
n
a˜−n(γ)r
ansbnzn
)
exp
(∑
n≥1
1
n
a˜n(γ)z
−n
)
e−γz−∂γ
= ch(S(H+(γ ⊗ r
asb, z−1)))ch(H+(γ, z)
∗)e−γz−∂γ .
We note that for γ ∈ Γ∗, l ∈ Z
(7.9) Y ±(γ ⊗ rksl, a, b, z) = Y ±(γ, a, b, r−ks−lz).
It follows from Theorem 7.4 that
ch
(
Y +(γ, a, b, z)
)
= X+(γ, a, b, z)
= exp
(∑
n≥1
1
n
a−n(γ)z
n
)
× exp
(
−
∑
n≥1
1
n
an(γ)r
−ans−bnz−n
)
eγz∂γ .
ch
(
Y −(γ, a, b, z)
)
= X−(γ, a, b, z)
= exp
(
−
∑
n≥1
1
n
a−n(γ)r
ansbnzn
)
× exp
(∑
n≥1
1
n
an(γ)z
−n
)
e−γz−∂γ .
When r = s−1 = q they specialize to the vertex operators Y ±(γ, k, z) studied
in [FJW2].
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Under the new variable (by identifying ai(n) with a˜i(n)) we obtain that
X+(γi ⊗ s
−b, a, b, z)
= exp
(∑
n≥1
ai(−n)
[n]
s−bnzn
)
exp
(
−
∑
n≥1
ai(n)
[n]
r−anz−n
)
eγz∂γ ,
X−(γi ⊗ r
−a, k, z)
= exp
(
−
∑
n≥1
ai(−n)
[n]
sbnzn
)
exp
(∑
n≥1
ai(n)
[n]
ranz−n
)
e−γz−∂γ ,
where [n] is the two-parameter quantum number (4.1).
8. Basic representations and the McKay correspondence
8.1. Two-parameter quantum toroidal algebras. In this subsection we
define the two-parameter quantum toroidal algebrasUr,s(̂̂g) of simply laced type
A,D or E. In particular the two-parameter quantum toroidal algebra contains a
special subalgebra -the two-parameter quantum affine algebras Ur,s(ĝ)(cf. [HRZ]).
Let (Aij) be the two-parameter quantum Cartan (N +1)× (N +1)- Martix(cf.
[HZ, Z]), For type A
(1)
n , we have
Aij =

rs−1 r−1 1 · · · 1 s
s rs−1 r−1 · · · 1 1
· · · · · · · · · · · · · · · · · ·
1 1 1 · · · rs−1 r−1
r−1 1 1 · · · s rs−1

Definition 8.1. The two-parameter quantum toroidal algebra Ur,s(̂̂g) is an asso-
ciative algebra over K generated by the elements x±i (k), ai(m), ω
±1
i , ω
′
i
±1
, γ±
1
2 ,
γ′ ±
1
2 , D±1, D′ ±1, (0 ≤ i ≤ N , k, k′ ∈ Z, m, m′ ∈ Z\{0}), subject to the following
defining relations:
(D1) γ±
1
2 , γ′ ±
1
2 are central with γγ′ = rs, ωi ω
−1
i = ω
′
j ω
′ −1
j = 1 (i, j ∈ I), and
[ω±1i , ω
±1
j ] = [ω
±1
i , D
±1 ] = [ω′ ±1j , D
±1 ] = [ω±1i , D
′±1 ] = 0
= [ω±1i , ω
′ ±1
j ] = [ω
′ ±1
j , D
′±1 ] = [D′ ±1, D±1] = [ω′±1i , ω
′ ±1
j ].
(D2) [ ai(m), aj(m
′) ] = δm+m′,0
(rs)
|m|
2 (A
maij
2
ii −A
−
maij
2
ii )
|m|(r − s)
·
γ|m| − γ′|m|
r − s
.
(D3) [ ai(m), ω
±1
j ] = [ ai(m), ω
′±1
j ] = 0.
D x±i (k)D
−1 = rk x±i (k), D
′ x±i (k)D
′ −1 = sk x±i (k),(D4)
Dai(m)D
−1 = rm ai(m), D
′ ai(m)D
′ −1 = sm ai(m).
(D5) ωi x
±
j (k)ω
−1
i = A
±1
ji x
±
j (k), ω
′
i x
±
j (k)ω
′ −1
i = A
∓1
ij x
±
j (k).
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(D61)
[ ai(m), x
±
j (k) ] = ±
(rs)
|m|
2 ((rs−1)
maij
2 −(rs−1)−
maij
2 )
m(r−s)
·γ±
m
2 x±j (m+k), for m < 0,
(D62)
[ ai(m), x
±
j (k) ] = ±
(rs)
|m|
2 ((rs−1)
maij
2 −(rs−1)−
maij
2 )
m(r−s)
·γ′±
m
2 x±j (m+k), for m > 0,
(D7)
x±i (k+1)x
±
j (k
′)−A±1ji x
±
j (k
′)x±i (k+1)
= −
(
AjiA
−1
ij
)± 12 (
x±j (k
′+1)x±i (k)−A
±1
ij x
±
i (k)x
±
j (k
′+1)
)
,
(D8) [x+i (k), x
−
j (k
′) ] =
δij
r − s
(
γ′−k γ−
k+k′
2 ωi(k+k
′)− γk
′
γ′
k+k′
2 ω′i(k+k
′)
)
,
where ωi(m), ω
′
i(−m) (m ∈ Z≥0) with ωi(0) = ωi and ω
′
i(0) = ω
′
i are defined by:
∞∑
m=0
ωi(m)z
−m = ωi exp
(
(r−s)
∞∑
ℓ=1
ai(ℓ)z
−ℓ
)
;
∞∑
m=0
ω′i(−m)z
m = ω′i exp
(
−(r−s)
∞∑
ℓ=1
ai(−ℓ)z
ℓ
)
,
with ωi(−m) = 0 and ω
′
i(m) = 0, ∀ m > 0.
(D91) x
±
i (m)x
±
j (k) = 〈j, i〉
±1x±j (k)x
±
i (m), aij = 0,
(D92)
Symm1,···mn
∑n=1−aij
k=0 (−1)
k(risi)
± k(k−1)2
[
1−aij
k
]
±i
x±i (m1) · · ·x
±
i (mk)x
±
j (ℓ)
×x±i (mk+1) · · ·x
±
i (mn) = 0, aij < 0, 0 ≤ j < i < N,
(D93)
Symm1,···mn
∑n=1−aij
k=0 (−1)
k(risi)
∓ k(k−1)2
[
1−aij
k
]
∓i
x±i (m1) · · ·x
±
i (mk)x
±
j (ℓ)
×x±i (mk+1) · · ·x
±
i (mn) = 0, aij < 0, 0 ≤ i < j < N,
where Sym denotes symmetrization with respect to the indices (m1,m2),[
n
k
]
∓
=
[n]∓!
[n− k]∓![k]∓!
,
and the ∓ specifies the substitution of parameters r, s by r∓, s∓.
The generating functions is defined by:
x±i (z) =
∑
k∈Z
x±i (k)z
−k, ωi(z) =
∑
m∈Z+
ωi(m)z
−m, ω′i(z) =
∑
n∈−Z+
ω′i(n)z
−n.
Remark 8.2. Replacing the index 0 ≤ i ≤ N by 1 ≤ i ≤ N in the above definition,
we get the corresponding definition for two-parameter quantum affine algebras (cf.
[HZ, Z]).
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In the case of typr A, the two-parameter quantum toroidal algebra Ur,s(̂̂g)
admits a further deformation Ur,s,κ(̂̂g). Let (bij) be the skew-symmetric(N + 1)×
(N + 1)− matrix 
0 1 0 · · · 0 −1
−1 0 1 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 1
1 0 0 · · · −1 0

Definition 8.3. Let κ be an element of K∗. The two-parameter quantum toroidal
algebra Ur,s,κ(̂̂g) is an associative algebra over K generated by the elements x±i (k),
ai(m), ω
±1
i , ω
′
i
±1
, γ±
1
2 , γ′
± 12 , D±11 , D
′ ±1
1 , D
±1
2 , D
′ ±1
2 (0 ≤ i ≤ N , k, k
′ ∈ Z,
m, m′ ∈ Z\{0}, l, l′ = 1, 2), subject to the following defining relations:
(T1) γ±
1
2 , γ′ ±
1
2 are central with γγ′ = rs, ωi ω
−1
i = ω
′
j ω
′ −1
j = 1 (i, j ∈ I), and
[ω±1i , ω
±1
j ] = [ω
±1
i , D
±1
l ] = [ω
′ ±1
j , D
±1
l ] = [ω
±1
i , D
′±1
l ] = 0
= [ω±1i , ω
′ ±1
j ] = [ω
′ ±1
j , D
′±1
l ] = [D
′ ±1
l , D
±1
l′ ] = [ω
′±1
i , ω
′ ±1
j ].
(T2) [ ai(m), aj(m
′) ] = δm+m′,0
(rs)
|m|
2 (A
maij
2
ii −A
−
maij
2
ii )
|m|(r − s)
·
γ|m| − γ′|m|
r − s
κmbij .
(T3) [ ai(m), ω
±1
j ] = [ ai(m), ω
′±1
j ] = 0.
D1 x
±
i (k)D
−1
1 = r
k x±i (k), D
′
1 x
±
i (k)D
′ −1
1 = s
k x±i (k),(T4)
D1 ai(m)D
−1
1 = r
m ai(m), D
′
1 ai(m)D
′ −1
1 = s
m ai(m),
D2 x
±
i (k)D
−1
2 = r
±δi0 x±i (k), D
′
2 x
±
i (k)D
′ −1
2 = s
±δi0 x±i (k),
D2 ai(m)D
−1
2 = ai(m), D
′
2 ai(m)D
′ −1
2 = ai(m).
(T5) ωi x
±
j (k)ω
−1
i = A
±1
ji x
±
j (k), ω
′
i x
±
j (k)ω
′ −1
i = A
∓1
ij x
±
j (k).
(T61)
[ ai(m), x
±
j (k) ] = ±
(rs)
|m|
2 ((rs−1)
maij
2 −(rs−1)−
maij
2 )
m(r−s)
·γ±
m
2 κmbijx±j (m+k), for m < 0,
(T62)
[ ai(m), x
±
j (k) ] = ±
(rs)
|m|
2 ((rs−1)
maij
2 −(rs−1)−
maij
2 )
m(r−s)
·γ′±
m
2 κmbijx±j (m+k), for m > 0,(
κbijz − (AijAji)
± 12w
)
x±i (z)x
±
j (w)
=
(
κbijA±1ji z − (AjiA
−1
ij )
± 12w
)
x±j (w)x
±
i (z).
(T7)
(T8) [x+i (k), x
−
j (k
′) ] =
δij
r − s
(
γ′−k γ−
k+k′
2 ωi(k+k
′)− γk
′
γ′
k+k′
2 ω′i(k+k
′)
)
,
22 JING AND ZHANG
where ωi(m), ω
′
i(−m) (m ∈ Z≥0) with ωi(0) = ωi and ω
′
i(0) = ω
′
i are defined by:
∞∑
m=0
ωi(m)z
−m = ωi exp
(
(r−s)
∞∑
ℓ=1
ai(ℓ)z
−ℓ
)
;
∞∑
m=0
ω′i(−m)z
m = ω′i exp
(
−(r−s)
∞∑
ℓ=1
ai(−ℓ)z
ℓ
)
,
with ωi(−m) = 0 and ω
′
i(m) = 0, ∀ m > 0.
(T91) x
±
i (m)x
±
j (k) = 〈j, i〉
±1x±j (k)x
±
i (m), aij = 0,
(T92)
Symm1,···mn
∑n=1−aij
k=0 (−1)
k(risi)
± k(k−1)2
[
1−aij
k
]
±i
x±i (m1) · · ·x
±
i (mk)x
±
j (ℓ)
×x±i (mk+1) · · ·x
±
i (mn) = 0, aij < 0, 0 ≤ j < i < N,
(T93)
Symm1,···mn
∑n=1−aij
k=0 (−1)
k(risi)
∓ k(k−1)2
[
1−aij
k
]
∓i
x±i (m1) · · ·x
±
i (mk)x
±
j (ℓ)
×x±i (mk+1) · · ·x
±
i (mn) = 0, aij < 0, 0 ≤ i < j < N.
Sym denotes symmetrization with respect to the indices (m1,m2).
Remark 8.4. Assume that r = s−1 = q, Ur,s,κ(̂̂g) is the one-parameter quantum
toroidal algebras Uq,κ(̂̂g) (cf. [GKV, VV]).
8.2. A new form of McKay correspondence. In this subsection we let Γ
to be a finite subgroup of SU2 and consider two distinguished choices of the class
function ξ in RΓ×C××C× introduced in Sect. 4.2.
First we consider
ξ = γ0 ⊗ ((rs
−1)
1
2 + (r−1s)
1
2 )− π ⊗ 1C× ,
where π is the character of the two-dimensional natural representation of Γ in SU2.
The Heisenberg algebra in this case has the following relations (cf. Prop. 5.1
and (4.3)).
(8.1) [am(γi), an(γj)] =
{
mδm,−n((rs
−1)
m
2 + (r−1s)
m
2 )C, i = j
mδm,−na
1
ijC, i 6= j
,
where a1ij are the entries of the affine Cartan matrix of ADE type (see (3.4) at
d = 2).
Recall that the matrix A1, 1 = (〈γi, γj〉
1
ξ) = (a
1
ij)0≤i,j≤N is the Cartan matrix
for the corresponding affine Lie algebra [Mc]. In particular a1ii = 2; a
1
ij = 0 or −1
when i 6= j and Γ 6= Z/2Z. In the case of Γ = Z/2Z, a101 = a
1
10 = −2. Let g (resp.
gˆ) be the corresponding simple Lie algebra (resp. affine Lie algebra ) associated to
the Cartan matrix (a1ij)1≤i,j≤N (resp. A). Note that the lattice RZ(Γ) is even in
this case.
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We define the normal ordered product of vertex operators as follows.
: Y +(γi, a, b, z)Y
+(γj , a
′, b′, w) :
=H+(γi, z)H(γj , w)S(H+(γi ⊗ r
asb, z−1)∗H+(γj ⊗ r
a′sb
′
, w−1)∗)
× eγi+γjz∂γiw∂γj ,
: Y +(γi, a, b, z)Y
−(γj , a
′, b′, w) :
=H+(γi, z)H(−γj ⊗ r
b′sa
′
, w)S(H+(γi ⊗ r
asb, z−1)∗H+(−γj ⊗ r
a′sb
′
, w−1)∗)
× eγi−γjz∂γiw−∂γj .
Other normal ordered products are defined similarly.
The identities in the following theorems are understood as usual by means of
correlation functions (cf. e.g. [FJ, J1, HZ, Z]).
Theorem 8.5. Let ξ = γ0⊗((rs
−1)
1
2+(r−1s)
1
2 )−π⊗1C× . Then the vertex operators
Y ±(γi, a, b, z), Y
±(−γj, a, b, z), γi ∈ Γ
∗, k ∈ Z acting on the group theoretically
defined Fock space FΓ×C××C× satisfy the following relations.
Y +(γi, a, b, s
−bz)Y +(γj , a, b, s
−bw)
= ǫ(γi, γj) : Y
+(γi, a, b, s
−bz)Y +(γj , a, b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − r−as−bw)−1 〈γi, γj〉
1
ξ = −1
(z − r−as−b(rs−1)
1
2w)(z − r−as−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(γi, a, b, r
−az)Y −(γj , a, b, r
−aw)
= ǫ(γi, γj)
−1 : Y −(γi, a, b, r
−az)Y −(γj , a, b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − rasbw)−1 〈γi, γj〉
1
ξ = −1
(z − rasb(rs−1)
1
2w)(z − rasb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y +(γi, a, b, s
−bz)Y −(γj , a, b, r
−aw)
= ǫ(γi, γj) : Y
+(γi, a, b, s
−bz)Y −(γj , a, b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − r−asbw) 〈γi, γj〉
1
ξ = −1
(z − r−asb(rs−1)
1
2w)(z − r−asb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(γi, a, b, r
−az)Y +(γj , a, b, s
−bw)
= ǫ(γi, γj)
−1 : Y −(γi, a, b, r
−az)Y +(γj , a, b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − ras−bw) 〈γi, γj〉
1
ξ = −1
(z − ras−b(rs−1)
1
2w)(z − ras−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
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Y +(−γi,−a,−b, s
−bz)Y +(−γj ,−a,−b, s
−bw)
= ǫ(γi, γj) : Y
+(−γi,−a,−b, s
−bz)Y +(−γj ,−a,−b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − r−as−bw)−1 〈γi, γj〉
1
ξ = −1
(z − r−as−b(rs−1)
1
2w)(z − r−as−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, r
−aw)
= ǫ(γi, γj)
−1 : Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − rasbw)−1 〈γi, γj〉
1
ξ = −1
(z − rasb(rs−1)
1
2w)(z − rasb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y +(−γi,−a,−b, s
−bz)Y −(−γj ,−a,−b, r
−aw)
= ǫ(γi, γj) : Y
+(−γi,−a,−b, s
−bz)Y −(−γj ,−a,−b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − r−asbw) 〈γi, γj〉
1
ξ = −1
(z − r−asb(rs−1)
1
2w)(z − r−asb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(−γi,−a,−b, r
−az)Y +(−γj,−a,−b, s
−bw)
= ǫ(γi, γj)
−1 : Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
(z − ras−bw) 〈γi, γj〉
1
ξ = −1
(z − ras−b(rs−1)
1
2w)(z − ras−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Remark 8.6. Replacing the vertex operator Y ± by X± via the characteristic map
ch in the above formulas, we get the corresponding formulas for vertex operators
X±(γ, a, b, z) acting on VΓ×C××C× .
Now we consider the second distinguished class function
ξr, s, κ = γ0 ⊗ ((rs
−1)
1
2 + (r−1s)
1
2 )− (γ1 ⊗ κ+ γr ⊗ κ
−1),
when Γ is a cyclic group of order N + 1.
In this case the Heisenberg algebra (5.3) has the following relations according
to Prop. 5.1:
(8.2) [am(γi), an(γj)] =
{
mδm,−n((rs
−1)
m
2 + (r−1s)
m
2 )κmbijC, i = j
mδm,−na
1
ijκ
mbijC, i 6= j
,
where a1ij are the entries of the affine Cartan matrix of type A and r ≥ 2. This is
the same Heisenberg subalgebra (c = 1) in Ur,s(̂̂g) provided that we identify
ai(n) =
[n]
n
an(γi).
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Recall that (bij) is the skew-symmetric matrix. We need to slightly modify the
definition of the middle term in the vertex operators. For each i = 0, 1, . . . , N we
define the modified operator z∂γ,κ on the group algebra C[RZ(Γ)] by
(8.3) z∂γi,κeβ = z〈γi,β〉
1
ξκ−
1
2
Pr
j=1〈γi,mjγj〉
1
ξbij eβ,
where β =
∑
j mjγj ∈ RZ(Γ).
We then replace the operator z±∂γi in the definition of the vertex operators
Y ±(γi, a, b, z) by the operator z
±∂γi,κ . The formulas in Theorems 7.4 remain true
after the term z±∂ appearing in the formulas are modified accordingly.
The proof of the following theorem is similar to that of Theorem 8.5.
Theorem 8.7. Let Γ be a cyclic group of order r + 1 and let ξr, s, κ = γ0 ⊗
((rs−1)
1
2 + (r−1s)
1
2 ) − (γ1 ⊗ κ + γr ⊗ κ
−1),. The vertex operators Y ±(γi, a, b, z)
and Y ±(−γi, a, b, z), γi ∈ Γ
∗ acting on the group theoretically defined Fock space
FΓ×C××C× satisfy the following relations.
Y +(γi, a, b, s
−bz)Y +(γj , a, b, s
−bw)
= ǫ(γi, γj) : Y
+(γi, a, b, s
−bz)Y +(γj , a, b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − r−as−bκbijw)−1 〈γi, γj〉
1
ξ = −1
(z − r−as−b(rs−1)
1
2w)(z − r−as−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(γi, a, b, r
−az)Y −(γj , a, b, r
−aw)
= ǫ(γi, γj)
−1 : Y −(γi, a, b, r
−az)Y −(γj , a, b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − rasbκbijw)−1 〈γi, γj〉
1
ξ = −1
(z − rasb(rs−1)
1
2w)(z − rasb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y +(γi, a, b, s
−bz)Y −(γj , a, b, r
−aw)
= ǫ(γi, γj) : Y
+(γi, a, b, s
−bz)Y −(γj , a, b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − r−asbκbijw) 〈γi, γj〉
1
ξ = −1
(z − r−asb(rs−1)
1
2w)(z − r−asb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(γi, a, b, r
−az)Y +(γj , a, b, s
−bw)
= ǫ(γi, γj)
−1 : Y −(γi, a, b, r
−az)Y +(γj , a, b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − ras−bκbijw) 〈γi, γj〉
1
ξ = −1
(z − ras−b(rs−1)
1
2w)(z − ras−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
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Y +(−γi,−a,−b, s
−bz)Y +(−γj ,−a,−b, s
−bw)
= ǫ(γi, γj) : Y
+(−γi,−a,−b, s
−bz)Y +(−γj ,−a,−b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − r−as−bκbijw)−1 〈γi, γj〉
1
ξ = −1
(z − r−as−b(rs−1)
1
2w)(z − r−as−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, r
−aw)
= ǫ(γi, γj)
−1 : Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − rasbκbijw)−1 〈γi, γj〉
1
ξ = −1
(z − rasb(rs−1)
1
2w)(z − rasb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y +(−γi,−a,−b, s
−bz)Y −(−γj ,−a,−b, r
−aw)
= ǫ(γi, γj) : Y
+(−γi,−a,−b, s
−bz)Y −(−γj ,−a,−b, r
−aw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − r−asbκbijw) 〈γi, γj〉
1
ξ = −1
(z − r−asb(rs−1)
1
2w)(z − r−asb(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Y −(−γi,−a,−b, r
−az)Y +(−γj,−a,−b, s
−bw)
= ǫ(γi, γj)
−1 : Y −(−γi,−a,−b, r
−az)Y +(−γj ,−a,−b, s
−bw) :
×

1 〈γi, γj〉
1
ξ = 0
κ−
1
2 bij (z − ras−bκbijw) 〈γi, γj〉
1
ξ = −1
(z − ras−b(rs−1)
1
2w)(z − ras−b(r−1s)
1
2w) 〈γi, γj〉
1
ξ = 2
,
Remark 8.8. Replacing the vertex operators Y ± by X± via the characteristic
map ch we obtain the corresponding results on the space VΓ×C××C× .
8.3. Quantum vertex representations of Ur, s(̂̂g). For each i = 0, . . . , N
let
a˜i(n) =
[n]
n
an(γi).
It follows from (5.3) and (8.2) that
(8.4) [a˜i(m), a˜j(n)] = δm,−n
(rs)
m(1−aij )
2 [m〈γi, γj〉
1
ξ]
m
[m].
According to McKay, the bilinear form 〈γi, γj〉
1
ξ is exactly the same as the invariant
form ( | ) of the root lattice of the affine Lie algebra ĝ. This implies that the
commutation relations (T2) are exactly the commutation relations (8.4) of the
Heisenberg algebra in Ur, s(̂̂g) if we identify a˜i(n) with ai(n). Thus the Fock space
SΓ×C××C× is a level one representation for the Heisenberg subalgebra in Ur, s(̂̂g).
The following theorem gives a q-deformation of the new form of McKay corre-
spondence in [?] and provides a direct connection from a finite subgroup Γ of SU2
to the quantum toroidal algebra Ur, s(̂̂g) of ADE type.
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Theorem 8.9. Given a finite subgroup Γ of SU2, each of the following correspon-
dence gives a vertex representation of the quantum toroidal algebra Ur, s(̂̂g) on the
Fock space FΓ×C××C× :
x+i (n) −→ Y
+
n (γi ⊗ s
b,
1
2
,−
1
2
),
x−i (n) −→ Y
−
n (γi ⊗ r
a,
1
2
,−
1
2
),
ai(m) −→
[m]
m
am(γi), for m > 0;
ai(m) −→
−[−m]
m
am(γi), for m < 0;
γ −→ r, γ′ −→ s;
or
x+i (n) −→ Y
−
n (−γi ⊗ s
b,−
1
2
,
1
2
),
x−i (n) −→ Y
+
n (−γi ⊗ r
a,−
1
2
,
1
2
),
ai(m) −→
[m]
m
am(γi), for m > 0;
ai(m) −→
−[−m]
m
am(γi), for m < 0;
γ −→ r, γ′ −→ s;
where i = 0, . . . , N , and m ∈ Z.
Remark 8.10. Replacing Y ± by X± in the above theorem, we obtain a vertex
representation of Ur, s(̂̂g) in the space VΓ×C××C× .
According to McKay, the bilinear form 〈γi, γj〉
1
ξ is exactly the same as the
invariant form ( | ) of the root lattice of the affine Lie algebra ĝ. Thus the Fock
space SΓ×C××C× is a level one representation for the Heisenberg subalgebra in
Ur,s(ŝln).
Denote by SΓ×C× the symmetric algebra generated by a−n(γi), n > 0, i =
1, . . . , N over C[r±1, s±1]. SΓ×C× is isometric to RΓ×C××C× .
We define
FΓ×C××C× = RΓ×C××C× ⊗ C[RZ(Γ)] ∼= SΓ×C× ⊗ C[RZ(Γ)].
The space VΓ×C××C× associated to the lattice RZ(Γ) is isomorphic to the tensor
product of the space RΓ×C××C× and RZ(Γ) as well as the space associated to the
rank 1 lattice Zα0.
The following theorem gives the new form of McKay correspondence in [FJW2]
for two-parameter case and provides a direct connection from a finite subgroup Γ
of SU2 to the two-parameter quantum affine algebra Ur,s(ŝln).
Theorem 8.11. Given a finite subgroup Γ of SU2, each of the following correspon-
dence gives the basic representation of the two-parameter quantum affine algebra
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Ur,s(ŝln) on the Fock space FΓ×C××C× :
x+i (n) −→ Y
+
n (γi ⊗ s
b,
1
2
,−
1
2
),
x−i (n) −→ Y
−
n (γi ⊗ r
a,
1
2
,−
1
2
),
ai(m) −→
[m]
m
am(γi), for m > 0;
ai(m) −→
−[−m]
m
am(γi), for m < 0;
γ −→ r, γ′ −→ s;
or
x+i (n) −→ Y
−
n (−γi ⊗ s
b,−
1
2
,
1
2
),
x−i (n) −→ Y
+
n (−γi ⊗ r
a,−
1
2
,
1
2
),
ai(m) −→
[m]
m
am(γi), for m > 0;
ai(m) −→
−[−m]
m
am(γi), for m < 0;
γ −→ r, γ′ −→ s;
where i = 1, . . . , N .
Remark 8.12. Replacing Y ± by X± in the above theorem, we obtain a vertex
representation of Ur,s(ŝln) in the space VΓ×C××C× .
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